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Abstract

In this paper we consider a nonconvex unconstrained optimization problem minimizing a twice differen-
tiable objective function with Hélder continuous Hessian. Specifically, we first propose a Newton-conjugate
gradient (Newton-CG) method for finding an approximate first-order stationary point (FOSP) of this prob-
lem, assuming the associated the Holder parameters are explicitly known. Then we develop a parameter-free
Newton-CG method without requiring any prior knowledge of these parameters. To the best of our knowl-
edge, this method is the first parameter-free second-order method achieving the best-known iteration and
operation complexity for finding an approximate FOSP of this problem. Furthermore, we propose a Newton-
CG method for finding an approximate second-order stationary point (SOSP) of the considered problem with
high probability and establish its iteration and operation complexity. Finally, we present preliminary nu-
merical results to demonstrate the superior practical performance of our parameter-free Newton-CG method
over a well-known regularized Newton method.
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1 Introduction

In this paper we consider the nonconvex unconstrained optimization problem

min f(z), (1)
where f : R™ — R is twice continuously differentiable and V2 f is Holder continuous in an open neighborhood
of a level set of f (see Assumption [ for details). Our goal is to propose easily implementable second-order
methods with complexity guarantees, particularly, Newton-conjugate gradient (Newton-CG) methods for finding
approximate first- and second-order stationary points of problem ().

In recent years, there have been significant advancements in second-order methods with complexity guaran-
tees for problem (@) when V2 f is Lipschitz continuous. Notably, cubic regularized Newton methods [T [6] [0} 26],
trust-region methods [12], [I3] 23], second-order line-search method [29], inexact regularized Newton method [14],
quadratic regularization method [4], and Newton-CG method [28] were developed for finding an (e, \/€)-second-
order stationary point (SOSP) z of problem () satisfying

||Vf($)|| < € )‘min(vzf(x)) > _\/E,

where € € (0,1) is a tolerance parameter and Apin(-) denotes the minimum eigenvalue of the associated matrix.
Under suitable assumptions, it was shown that these second-order methods achieve an iteration complexity of
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O(e73/?) for finding an (e, \/€)-SOSP, which has been proved to be optimal in [9, [[T]. In addition to iteration
complexity, operation complexity of the methods in [1L [6 [12] 28] 29], measured by the number of their funda-
mental operations, was also studied. Under suitable assumptions, it was shown that these methods achieve an
operation complexity of (5(6_7/ 4) for finding an (e, /€)-SOSP of problem ([J) with high probabilityEl Similar op-
eration complexity bounds have also been achieved by gradient-based methods (e.g., see [2 [7, [8 19} 221 24 [30]).

Nonetheless, there has been very little study on second-order methods for problem () — a nonconvex uncon-
strained optimization problem with Holder continuous Hessian. To the best of our knowledge, the regularized
Newton methods proposed in [I6], BI] are the only existing second-order methods for problem (). Specifically,
the cubic regularized Newton method in [I6] tackles problem () by solving a sequence of cubic regularized
Newton subproblems. It is a parameter-free second-order method and does not require any prior information
on the modulus H, and exponent v associated with the Holder continuity (see Assumption [II). Under mild
assumptions, it was shown in [16] that this method enjoys an iteration complexity of

o (eri) (2)

for finding an approximate first-order stationary point (FOSP) x of problem (Il satisfying |V f(z)|| < e. This
iteration complexity matches the lower iteration complexity bound established in [IT]. Yet, its operation com-
plexity remains unknown. Moreover, this method requires solving many cubic regularized Newton subproblems
exactly per iteration, which is highly expensive to implement in general. In [3I], two nice adaptive regularized
Newton methods were proposed for finding an approximate SOSP of the problem minimizing a nonconvex func-
tion with Holder continuous Hessian on a Riemannian manifold, which includes problem (I as a special case.
More specifically, when applied to problem (), one method in [3T] solves a sequence of (2 + v)th-order regular-
ized Newton subproblems, while another method in [31] solves a sequence of standard trust-region subproblems.
Tteration and operation complexity results of these methods were established in [31]. However, these methods
are not fully parameter-free since prior knowledge of the Holder exponent is required in order to achieve the
best-known complexity.

As discussed above, the existing second-order methods [I6] [3T] for problem () require solving a sequence of
sophisticated trust-region or regularized Newton subproblems. In this paper, we propose easily implementable
second-order methods, particularly Newton-CG methods for (), by applying the capped CG method [28, Al-
gorithm 1] to solve a sequence of systems of linear equations with coefficient matrix resulting from a proper
perturbation on the Hessian of f. Specifically, we first propose a Newton-CG method (Algorithm [I]) to find an
approximate FOSP of (), assuming the parameters associated with the Holder continuity of V2 f are explicitly
known. Then we develop a parameter-free Newton-CG method (Algorithm [2) for finding an approximate FOSP
of (@) without requiring any prior knowledge of these parameters. Finally, we propose a Newton-CG method
(Algorithm B]) to find an approximate SOSP of (). By leveraging a novel inexact oracle (see Lemma [II), we
show that these methods achieve the best-known iteration and operation complexity for finding an approximate
FOSP or SOSP of (). In addition, preliminary numerical results are presented, demonstrating the practical
advantages of our parameter-free Newton-CG method over the cubic regularized Newton method [16].

The main contributions of this paper are as follows.

e We propose Newton-CG methods (Algorithms [[ and B]) to find an approximate FOSP and SOSP of (),
respectively, assuming that the parameters associated with the Holder continuity of V2f are explicitly
known. In contrast with the regularized Newton methods [I6] [B1], our methods solve much simpler
subproblems, while achieving the best-known iteration and operation complexity.

e We propose a parameter-free Newton-CG method (Algorithm ) for finding an approximate FOSP of
(@) without requiring prior knowledge of these parameters. To the best of our knowledge, this is the
first parameter-free second-order method for finding an approximate FOSP of (), while achieving the
best-known iteration and operation complexity.

1(~9() represents O(-) with logarithmic terms omitted.



e We introduce a novel inexact oracle (see Lemma [I]) as the framework for the design and analysis of our
Newton-CG methods. It substantially facilitates our development and analysis and shall be a useful tool
for further algorithmic development for problem ().

The remainder of this paper is organized as follows. In Section 2] we introduce some notation and make
some assumptions on the problem studied in this paper. In Section B we propose a Newton-CG method for
finding an approximate FOSP of () and study its complexity. In Section @l we propose a parameter-free
Newton-CG method for finding an approximate FOSP of ([IJ) and study its complexity. In Section Bl we propose
a Newton-CG method for finding an approximate SOSP of (Il) and study its complexity. Section [ presents
preliminary numerical results. In Section [, we present the proofs of the main results. Finally, we discuss some
future research directions in Section [§

2 Notation and assumptions

Throughout this paper, we let R"™ denote the n-dimensional Euclidean space. We use ||-|| to denote the Euclidean
norm of a vector or the spectral norm of a matrix. For any s € R, we let s; and [s] denote the nonnegative part
of s and the least integer no less than s, respectively, and we let sgn(s) be 1 if s > 0 and let it be —1 otherwise.
For a real symmetric matrix H, we use A\pmin(H) to denote its minimum eigenvalue. For any bounded set S, we
let Ds be the diameter of S, that is, Ds = sup, , s [|# —y|. In addition, O(-) represents O(-) with logarithmic
terms omitted.

We make the following assumptions on problem () throughout this paper.

Assumption 1. (a) The level set Zf(z") :={z: f(z) < f(z")} is compact for some 2° € R™.

(b) The function f : R™ — R is twice continuously differentiable, and V2 f is Holder continuous in a bounded
convex open neighborhood, denoted by 0, of ZL¢(z?), i.e., there exist v € [0,1] and a finite H, > 0 such that

IV2f(z) = V2l < Hollz —y]]", Yo,y € Q. (3)
It follows from Assumption [I[(a) that there exist fiow € R, Uy > 0 and Uy > 0 such that
f@) > fiow, V@) <Ug IV (@)l <Un, Vo€ Zy(a?). (4)
We now make some remarks about Assumption [Ib).

Remark 1. (i) Assumption[d(b) includes a large class of smoothness conditions of V2 f. Indeed, when v = 1,
the condition [B)) recovers the standard Lipschitz continuity of V2f. When v = 0, the condition @) means
that variations of V2f on Q are bounded, which is equivalent to the boundedness of V2 f on 0 due to the
boundedness of Q0 imposed in Assumption[l(b). Moreover, when v € (0,1], the condition @) implies that
V2§ is uniformly continuous on .

(ii) When the value of v in Assumption[l(b) is larger, the smoothness of the Hessian of f is stronger. Indeed,
we let 0 < v1 < vg < 1 and suppose that V2 f is Hélder continuous with vy € [0,1] and a finite H,, > 0.
Since € is bounded, it follows that

IV2f (@) = V2 W)l < Hupllw =yl < Hy, DG [l — [
Hence, V*f is Holder continuous with vy € [0,1] and H,, = H,,DZ~"* > 0.

(i) As a direct consequence of Assumption[Dl(b), one can verify that the two descent inequalities below hold for
all z,y € Q (e.g., see equations (2.7) and (2.8) in [10)):

Hylly — x|+
1+v

Fl) < @)+ V@) (g~ ) + 3y~ 2V (@)(y — 2) +

IVf(y) = Vi) = V2 f(@)(y - )] < ; (5)

Hy|ly — |
I+0)2+v)



Let us introduce a class of functions that satisfy Assumption [I(b) with v € (0, 1].

Example 1. Consider a function f(x) = qﬁ(x)ff”, where ¢ : R™ — R is twice Lipschitz continuously differen-

tiable in a compact convex set S, that is, there exists L}Z > 0 such that
[V26(2) = V26()| < Lo =y,  Yoy€eS.
By the definition of f, one can verify that
V2 f(2) = 2+ 1)) V(@) + (1+2)(2 +1)é(2)} V() Vo).

Here, observe that ¢(x)i+” is Lipschitz continuous in S. Also, recall that for all a,b € R, we have a’ — b <
la — b”, which implies that ¢(-)% is Holder continuous in S with v € (0,1]. In view of these and the fact that
V2¢ is Lipschitz continuous in S, we conclude that V2f is Hélder continuous in S with v € (0,1].

3 A Newton-CG method for seeking an FOSP

In this section, we propose a Newton-CG method in Algorithm [ for seeking an e-FOSP of problem () that
satisfies |V f(2)|| < ¢, and then analyze its complexity results.

We first review a modified CG method, referred to as capped CG method, that will be used in Algorithm [II
The capped CG method was proposed in [28, Algorithm 1] for solving a possibly indefinite linear system

(H +2el)d = —g, (7)

where 0 £ g € R”, ¢ > 0, and H € R"™" is a symmetric matrix. The capped CG method terminates within a
finite number of iterations and returns either an approximate solution d to (7)) satisfying ||(H 42e1)d+g| < {||g||
and dTHd > —el|d||? for some ¢ € (0,1) or a sufficiently negative curvature direction d of H with d”Hd <
—¢l|d||?. For ease of reference, we present the capped CG method in Algorithm @ in Appendix [Al

We now introduce our Newton-CG method (Algorithm [I)) for solving problem (). At each iteration k, if
the current iterate x* does not satisfy ||V f(2"*)|| < ¢, the capped CG method (Algorithm H) is invoked to find
either an inexact Newton direction or a negative curvature direction by solving a damped Newton system of
the form:

(V2f(@") +2v/w (e)el)d = =V f(a¥), (8)
where 7, (+) is the inexact Lipschitz continuity modulus @ defined as

1—v

2
Yo(€) :=4H, e 190, (9)

The search direction d* and step length oy, are then produced, depending on the type of d*, and the next iterate
2F*1 is generated based on d* and aj. Details of this Newton-CG method are presented in Algorithm [

Before analyzing Algorithm [II we make some remarks about the damped Newton system (8). Notice that
directly applying a conjugate gradient (CG) method to an indefinite Newton system, associated with problem (),
may not produce a sufficiently descent direction for the objective f. To overcome this issue, the authors of [28]
proposed to solve a slightly damped Newton system:

(V2f(a) + 2y/el) d = -V f(*) B (10)

where /€ is the damping parameter. Leveraging this idea, they developed a Newton-CG method that achieves an
iteration complexity of O(L3,e3/2) for finding an e-FOSP of nonconvex unconstrained optimization problems,
where Ly is the Lipschitz continuity modulus. However, the dependence on Ly in this complexity result can
be improved. It can be verified that by using the line search techniques developed in [I7, Algorithm 1] and

2The inexact Lipschitz continuity modulus has been widely used to study first-order methods with Hoélder continuous gradient
(c-g., see [I5) (I8} 25)).

3The damping parameter is set as ez in [28], where ep is the tolerance for the second-order optimality condition. It was also
mentioned in [28] Section 4.2] that to achieve the iteration complexity of O(e~3/2) for finding an e-FOSP, one should choose €2 =e



replacing the damping parameter /e in [I0) with /Lye, the resulting iteration complexity can be improved
to (’)(leq/2e_3/2), matching the best-known result stated in () with » = 1. Based on this observation, for the
Holder continuous case, we propose to set the damping parameter as 1/, (e)e with ~,(e) being the inexact
Lipschitz continuity modulus. We next show in Theorem 2] and Remark [2] that with this choice of damping
parameter, our proposed Newton-CG method achieves the optimal iteration complexity of second-order methods
for finding an e-FOSP of problem (II) under Assumption [l

Algorithm 1 A Newton-CG method for finding an e-FOSP of ()

input: tolerance e € (0,1), starting point 2°, CG-accuracy parameter ¢ € (0,1), 7, (¢) given in ();

Set k + 0;

while ||V f(z¥)|| > € do
Call Algorithm Hl (Appendix [A]) with H = VZf(z"*), e = /7. (€)¢, g = Vf(z*), accuracy parameter ¢ and U = 0 to
obtain outputs d, d_type;
if d_type=NC then

Set
: d'V2f(z*)d
dk [ Sgn(dva(xk))Wd and ap = 1/*)/“(5); (11)
else {d_type=SOL}
Set 1/4
. €/vu (€
d* =d and ak:mln{L%}; (12)
end if

Set 2! = 2* + apd® and k «+ k + 1;
end while

The following theorem shows that f is nonincreasing along the iterates generated by Algorithm [l Its proof
is deferred to Section [7.1]

Theorem 1 (monotonicity of Algorithm [). Suppose that Assumption [ holds. Let {x*}rex, be all the
iterates generated by Algorithm [, where Ky is a subset of consecutive nonnegative integers starting from 0.
Then {f(z*)}rek, is nonincreasing.

The following theorem states the iteration and operation complexity of Algorithm [II whose proof is relegated
to Section [T11

Theorem 2 (iteration and operation complexity of Algorithm [I). Suppose that Assumption [ holds.
Let

Ky = [144(/(°) = fion) () 22] 4 1, (13)
where fiow and v, (€) are given in @) and @), respectively. Then the following statements hold.

(i) Algorithm [ terminates in at most Ky iterations.

(ii) The total main operations of Algorithm [ consist of

O (K1 min {n, [’}/U(E)E]_l/4})
gradient evaluations and Hessian-vector products of f.

Remark 2. From Theorem[d, we observe that Algorithm [0l achieves an iteration and operation complexity of
1 24y ~ L 24 . 1
O <H,}+”e m) and O <H,}+”e T+ min {n, (Hy,e”) 20+ }> (14)

for finding an e-FOSP of problem (), respectively. In particular, the iteration complexity in ([[4) has been shown
to be optimal in [T1], and has also been achieved by the cubic reqularized Newton method in [16]. Whenv =1, the
complezity results in () recover the iteration and operation complezity of O(e=3/2) and O(e=3/2 min{n, e~1/4}),
respectively, established for the Newton-CG method in [28] for finding an e-FOSP, which are the best-known
results for second-order methods.



4 A parameter-free Newton-CG method for seeking an FOSP

After the previous discussions, we can observe that Algorithm [ achieves the best-known iteration complexity
for finding an e-FOSP, and its fundamental operations rely only on gradient evaluations and Hessian-vector
products of f. Nonetheless, computing the parameter v, (e) given in (@) still requires knowing the problem
parameters v and H, associated with the Hélder continuity of V2 f. These parameters may not be available for
a sophisticated function f. Even if known, these parameters are not unique. The tighter value of them typically
leads to a faster convergent algorithm. Yet, it may be challenging to find the tightest possible value for them.
In light of these challenges, we next propose a parameter-free Newton-CG method in Algorithm 2] equipped
with an innovative backtracking scheme for estimating the inexact Lipschitz continuity modulus 7, (¢). This
method enjoys the same order of iteration and operation complexity guarantees as Algorithm [ for finding an
e-FOSP of () without prior knowledge of v and H,,.

Algorithm 2 A parameter-free Newton-CG method for finding an e-FOSP of ()

input: tolerance ¢ € (0,1), starting point 20, CG-accuracy parameter ¢ € (0,1), trial parameter v_; > 0, backtracking ratio
0> 1;
Set k + 0;
while ||V f(z*)|| > € do
Set = x* and 4 = max{y_1,vx_1/0};
fort=0,1,2,... do
Set ’:/t = Gtﬁ/;
Call Algorithm @ (Appendix [A) with H = V2£(Z), ¢ = VAte, g = Vf(Z), accuracy parameter ¢, and U = 0 to obtain
outputs d, d_type;
if d_type=NC then

Set
_ dT 2 %)d
dt=— sgn(dTVf@»%d and G0 = 1/3; (15)
Break the inner loop if &; and dt satisfy
f@+ad') < f(2) —a;||d"|1> /6. (16)
else {d_type=SOL}
Set
Fto_ ~ s (6/’%)1/4 .
d'=d and oat—mm{l,z”d”l/2 ; (17)
Break the inner loop if &; and dt satisfy
IVF(@+awd)|| <e, [f(@+ad) < f(@) (18)
if &+ < 1 then _
Break the inner loop if & and d* satisfy
F@+ @d’) < f(Z) — /Areaz||d]? /2. (19)
else {a; =1} .
Break the inner loop if (@) holds and d* satisfies
IVf(@+d") — V&) — V2 f(@)d'|| < 25 [|d"[|” + /2. (20)
end if
end if
end for

Set d* = dt, o, = @¢, and i = F¢;
Set k1 = zF 4+ apd® and k « k + 1;
end while

We now describe the parameter-free Newton-CG method (Algorithm [)) for solving (). At each iteration
k, the capped CG method (Algorithm M) is invoked to solve a damped Newton system (8) with the parameter
v (€) replaced by a trial value 4;. This gives a trial search direction d and a trial step length ay. Next, this
method checks whether an e-FOSP of () is found (see ([I)), or whether (3, &, d") satisfies certain condition
that ensure sufficient reduction for f (see ([IH), (I9), and @0)). If not, this method increases the trial value 4;

by a ratio 8 > 1, and repeats the above process. Otherwise, this method breaks the inner loop and updates the



next iterate as zFt1 = 2F + qpdF with dF = dt and ar = &;. The detailed description of this parameter-free

Newton-CG method is presented in Algorithm
The following theorem shows that the number of calls of Algorithm [ at each iteration of Algorithm [ is
finite, and therefore, Algorithm [2]is well-defined. Its proof is deferred to Section

Theorem 3 (well-definedness of Algorithm [2). Suppose that Assumption [ holds and that z* satisfying
|V f(z*)|| > € is generated by Algorithm 3. Let

T = |log(v.(€)/v-1)/logf| + 1,  F(€) := max{y_1,07,(¢)}, (21)

where 7, (€) is defined as in (9), and y—1 and 0 are inputs of Algorithm[D. Then the number of calls of Algorithm[]
at iteration k of Algorithm[2Q is bounded above by T. Moreover, vy, < 7,(€).

The next theorem states the iteration and operation complexity of Algorithm Its proof is deferred to
Section [7.21

Theorem 4 (iteration and operation complexity of Algorithm [2)). Suppose that Assumption [ holds.
Let

Kz = [72(£(2%) = fiow) o ()] /22| 41, (22)
where fiow and 7,(€) are giwven in @) and 1)), respectively. Then the following statements hold.
(i) Algorithm [ terminates in at most Ko iterations.

(ii) The total main operations of Algorithm[Q consist of
o (TKQ min {n, 671K51/2})

gradient evaluations and Hessian-vector products of f, where T is defined in (21)).

Remark 3. From Theorem[J], we see that Algorithm[2 achieves an iteration and operation complexity of
1 24y ~ L 24 . 1
O <HV1+V€ m) and O <HV1+V€ T+ min {n, (H,e")™ 20+ }> (23)

for finding an e-FOSP of problem (), respectively. In particular, the iteration complexity in [23) has been shown
to be optimal in [I1] and has also been achieved by the cubic regularized Newton method in [16]. Algorithm [2
1s the first parameter-free second-order method that achieves the best-known iteration and operation complezity
for finding an e-FOSP of nonconvex unconstrained optimization problems with Holder continuous Hessians.
When v = 1, the complezity results in ([Z3) recover the iteration and operation complezity of 0(673/2) and
O(e=3/2min{n, e/4}), respectively, established for the Newton-CG method in [28] for finding an e-FOSP,
which are the best-known results for second-order methods.

5 A Newton-CG method for seeking an SOSP

In this section we propose a Newton-CG method in Algorithm [ for seeking an (¢4, €z )-SOSP of problem ()
that satisfies
V@) <€ Amin(V2f(2)) > —em,

where €4, e € (0,1) are tolerances. We also establish the iteration and operation complexity of this algorithm
under Assumption [l with v € (0, 1].

We first review the minimum eigenvalue oracle that will be used in Algorithm [3l This oracle was proposed
in [28] to check whether a direction of sufficiently negative curvature exists for a given symmetric matrix H. It
either produces a sufficiently negative curvature direction v of H with ||v|| = 1 and vT Hv < —ep/2 or certifies
that Apin(H) > —ep holds with high probability. For ease of reference, we present the minimum eigenvalue
oracle in Algorithm [Blin Appendix



We now describe the Newton-CG method (Algorithm [B]) for seeking an (¢4, €)-SOSP of problem (I). At
each iteration k, this algorithm starts by checking whether the current iterate z* satisfies |V f(z")| < ¢,. If
not, then this algorithm updates the next iterate z**! in the same manner as Algorithm [I with e replaced
by €,4. Specifically, the capped CG method (Algorithm M) is applied to the damped Newton system () with
e replaced by €, to obtain an inexact Newton direction or a sufficiently negative curvature direction, and
the next iterate %1 is generated accordingly. Otherwise, if |V f(z*)|| > €,, the minimum eigenvalue oracle
(Algorithm [ is invoked to check whether a direction of sufficiently negative curvature exists for the Hessian
V2f(z*). Specifically, this oracle either produces a sufficiently negative curvature direction of V2 f(x*) and
computes the next iterate z%*1, or certifies that the minimum eigenvalue of V?2f(2*) is larger than —ex and

terminates this algorithm.

Algorithm 3 A Newton-CG method for seeking an (¢4, ex)-SOSP of ()

input: tolerances e,, ey € (0,1), starting point 2°, CG-accuracy parameter ¢ € (0,1), 7. (e,) given in (@);
for k=0,1,2,... do
if |[Vf(z")| > ¢, then
Call Algorithm @ (Appendix &) with H = V2 f(z"), e = /7. (ey)eg, g = Vf ("), accuracy parameter ¢, and
U = 0 to obtain outputs d, d_type;
if d_type=NC then

Set
. dTV? f(z*)d
@* = —sen(@" v ) I and o= 17006 (24)
else {d_type=SOL}
Set 1/4
. €q /7w (€
d®* =d and ak:mln{l,%}; (25)
end if

else
Call Algorithm Bl (Appendix[B) with H = V?f(2*) and € = ¢, and probability parameter §;
if Algorithm [ certifies that )\min(VQf(:ck)) > —ey then
Output z® and terminates;
else {Sufficiently negative curvature direction v returned by Algorithm [}

Set
d* = —sgn(0" V(") Vif (@)l and g = (en/2) " ) (2H)MY; (26)
end if
end if
Set zFt! = zF + apd®;

end for

The following lemma shows that f is nonincreasing along the iterates generated by Algorithm [8] whose proof
is deferred to Section [(3]

Theorem 5 (monotonicity of Algorithm [B)). Suppose that Assumption[dl holds with v € (0,1]. Let {x*}rex,
be all the iterates generated by Algorithm [3, where Ks is a subset of consecutive nonnegative integers starting
from 0. Then {f(2%)}rex, is nonincreasing.

The following theorem states the iteration and operation complexity of Algorithm Bl whose proof is relegated
to Section

Theorem 6 (complexity of Algorithm ). Suppose that Assumption [l holds with v € (0,1]. Let
Ry = [144(£(2%) = fiow)w ()26, %2 | + [4(£(2%) = fiow)en/2)" /7 j2H )27 | 41, (27)

Rz = [A(f(°) = fiow)(en /2)" T/ 2, 2/*] + 1, (28)

where fiow and v, (-) are defined in [@l) and @), respectively. Then the following statements hold.



(i) The total number of calls of Algorithm[d is at most K.
(ii) The total number of calls of Algorithm[j] is at most K.

(iii) Algorithm [ terminates in at most Ky + Ko iterations. Its output =¥ satisfies |V f(z¥)|| < e, determin-
istically for some k < Ki + Ky. Moreover, it satisfies Amin(V2f(2¥)) > —eg with probability at least
1-0.

(iv) The total main operations of Algorithm[3 consist of

O (min {n, [%,(eg)eg]_l/‘l} K + min {n, 6;11/2} IN(Q)
gradient evaluations and Hessian-vector products of f.

Remark 4. From Theorem [, we observe that Algorithm [3 achieves an iteration and operation complexity of

1 _24v 2 _24v
O(Hy ey """ +Hley ¥ and (29)

24v

~ e 2 2 24y . __1 2 . _1
O((Hseg """ +HJey ¥ | min {n, (Hyel) 2<1+v>} + H} ey ¥ min {n,eHz} (30)

for finding an (eq,€r)-SOSP of problem (dl) with high probability, respectively. When v = 1, the iteration and
operation complexity results in 29) and @BQ) reduce to O(GQB/Q +€;) and (~9((6g3/2 + €;°) min{n, egl/4} +

61}3 min{n,el}lm}), respectively, which retain or improve the complexity results of the Newton-CG method in
[28] for finding an (eg, €mr)-SOSP.

6 Numerical results

In this section, we conduct some preliminary numerical experiments to test the performance of our parameter-
free Newton-CG method (Algorithm [2]) and the cubic regularized Newton method with line search (Universal
Method IT) in [I6]. All the algorithms are coded in Matlab and all the computations are performed on a desktop
with a 3.79 GHz AMD 3900XT 12-Core processor and 32 GB of RAM.

6.1 Infeasibility detection

In this subsection, we consider the problem of infeasibility detection (see [A]):

rER™ +7

min (a7 Az + bz + cl-)p (31)
=1

2

where p > 2, A; e R™*", b; ¢ R", and ¢; € R for 1 < i < m.

For each pair (n, m,p), we randomly generate 10 instances of problem (&II). In particular, we first randomly
generate A; = U;D;UT, 1 <i < m, where the D; is a randomly generated diagonal matrix, and Uj; is a randomly
generated orthogonal matrix. Each diagonal element of D;, 1 <i < n, is uniformly distributed over [—1,n — 1].
We then randomly generate b;, 1 < i < m, with each component according to the uniform distribution over
[0,n], and fix ¢; =1 for 1 <i < m.

Our aim is to find a 10"4-FOSP of problem (BI)) for the above instances by Algorithm Bl and the cubic
regularized Newton method with line search in [I6] and compare their performance. For the latter method, we
adopt the approach proposed in [26] to solve its cubic regularized subproblems. For both methods, we choose
the initial point as 2° = (0,...,0)”, and the other parameters as

e (¢,v-1,0) = (0.5,10,2) for Algorithm 2

e Hy = 10 for the cubic regularized Newton method ([16]).



Objective value CPU time (seconds) Total subproblems
n m P Algorithm CRN-LS Algorithm CRN-LS || Algorithm CRN-LS
100 2 2.25 || 4.5x10~ ™ 1.4x107 1" || 1.1 4.7 163.1 168.0
100 2 25 | 3.9x107%8 1.5x107* | 0.93 4.8 142.2 185.3
100 2 275 || 1.8x10712 1.5x107*2 || 0.89 4.4 125.7 197.2
100 2 3 6.8x10712 3.7x10712 || 0.90 4.6 112.9 206.7
300 6 225 | 84x1071¢ 1.1x107% || 15.6 68.8 221.9 348.2
300 6 25 || 1.2x10°™ 1.9x1071 || 15.5 69.9 185.0 384.5
300 6 2.75 || 7.8x10°™ 4.1x107" || 15.5 68.6 168.2 400.0
300 6 3.0 || 3.3x10°'3 1.7x107 1 || 15.1 68.0 153.7 418.0
500 10 2.25 || 1.7x10716 5.0x10717 || 67.6 335.1 247.6 457.0
500 10 2.5 || 3.5x1071° 3.1x1071° || 66.6 327.9 210.4 494.5
500 10 275 || 2.1x10714 6.7x1071 || 66.7 338.1 191.3 517.0
500 10 3 9.7x10714 3.6x107* || 64.0 328.5 179.5 539.0
Table 1: Numerical results for problem (3])
Objective value CPU time (seconds) Total subproblems
n m P Algorithm CRN-LS || Algorithm CRN-LS || Algorithm CRN-LS

100 20 225 | 21 2.9 0.36 5.6 102.9 135.9
100 20 25 | 20 2.2 0.32 5.7 119.2 147.8
100 20 275 || 2.2 3.3 0.41 6.2 130.3 168.6
100 20 3 2.6 2.7 0.40 6.8 131.0 184.2
500 100 2.25 || 9.6 12.9 10.0 309.5 230.6 292.3
500 100 2.5 || 10.2 14.6 10.8 411.9 249.4 382.8
500 100 2.75 || 10.8 11.6 13.6 522.3 308.2 480.7
500 100 3 11.4 14.4 15.2 555.0 357.4 508.5
1000 200 2.25 || 19.3 26.2 40.3 2083.6 312.8 702.0
1000 200 2.5 || 20.4 25.2 56.0 2453.0 406.8 821.3
1000 200 2.75 || 21.2 31.8 78.3 2895.1 539.7 956.5

1000 200 3.0 || 22.2 22.5 84.3 3180.3 619.2 1066.2

Table 2: Numerical results for problem (32)

The computational results of Algorithm 2l and the cubic regularized Newton method in [I6] (abbreviated
as CRN-LS) for solving problem (3I]) for the instances randomly generated above are presented in Table[l In
detail, the values of n, m, and p are listed in the first two columns, respectively. For each triple (n,m,p),
the average final objective value, the average CPU time, and the average total number of subproblems over 10
random instances are given in the rest of the columns. Here, one subproblem refers to one cubic regularized
subproblem solved by the cubic regularized method or one damped Newton system solved by Algorithm
One can observe that both methods output an approximate solution of a similar objective, while Algorithm
substantially outperforms the cubic regularized Newton method in [I6] in terms of CPU time.

6.2 Single-layer neural networks
In this subsection, we consider the problem of training single-layer RePu neural networks (see [21]):

min Z o((al 2)7 — by), (32)
i=1

rER™ 4

where p > 2, ¢(t) = t2/(1 + t?) is a nonconvex loss function (see [3|[7]), a; € R", and b; € R for 1 <1i < m.

For each triple (n, m, p), we randomly generate 10 instances of problem ([B2]). In particular, we first randomly
generate a;, 1 <14 < m, with all its components following the standard normal distribution. We then randomly
generate Ei, 1 <1 < m, according to the standard normal distribution, and set b; = |l§i| for 1 <i<m.
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Our goal is to find a 1074-FOSP of problem ([B2)) for the above instances by Algorithm B and the cubic
regularized Newton method with line search in [I6] and compare their performance. For the latter method, we
adopt the approach proposed in [26] to solve its cubic regularized subproblems. For both methods, we choose the
initial iterate as zo = (1/n,...,1/n)T, and set the other parameters for Algorithm Bl and the cubic regularized
Newton method the same as those described in Subsection

The computational results of Algorithm ] and the cubic regularized Newton method in [I6] for solving
problem ([B2)) for the instances randomly generated above are presented in Table In detail, the value of n,
m, and p are listed in the first three columns, respectively, For each triple (n,m, p), the average final objective,
the average CPU time, and the average total number of subproblems over 10 random instances are given in
the rest of the columns. Here, one subproblem refers to one cubic regularized subproblem solved by the cubic
regularized method or one damped Newton system solved by Algorithm Bl One can observe that Algorithm
finds a 107%-FOSP of ([32)) substantially faster than the cubic regularized Newton method in [L6].

7 Proof of the main results

In this section we provide a proof of our main results presented in Sections Bl Ml and Bl which are particularly
Theorems [THGl

To start with, let us establish two technical lemmas. The following lemma provides us with an inexact oracle
that our analysis relies heavily on. This result is inspired by the inexact oracle introduced by Nesterov in [25]
for first-order methods in solving convex optimization problems with Holder continuous gradient.

Lemma 1. Under Assumption[Dl(b), the following inequalities hold for any 6 > 0:

IVF() = V(@) ~ V@)~ 2| < S L (0)ly — 2l +6, ey (3)
Fl) < @)+ V@)~ ) + 5y~ 2 @)y~ 2) + s La@)ly —olP +6, Va,ye0. (34

where o - .
S T O [ TS

Proof. The proof of ([B3) is identical to the one of [25] Lemma 2], and thus omitted here.
We next prove 3). When v = 1, it follows from (@) that [34) holds. We suppose for the rest of the proof
that v € [0,1). Recall that all 7,s > 0 satisfy the Young’s inequality

1 1
75 < —71P 4+ 51,
p
where p,g > 1 and 1/p+1/q = 1. Taking 7 = t>*¥, p=3/(2+ v), and ¢ = 3/(1 — v), we obtain that

2 1- v
2+ < ;Vt3+TVS%, vt > 0,5 > 0. (36)
S

1—v
Let us denote § = %s% Then s = [W} “_ Multiplying both sides of B8) by (HVP)IW

and taking ¢t = ||y — z||, we obtain that

1—v 3
Hylly — = _ Hylly — | Lll—w ]2 [ H, |77 3
< 5< = S _ 5
A+0)2+0) = 31w 053|240 3 gyl I Akl k)
which along with (@) and B5]) implies that ([B4]) holds as desired. O

The following lemma provides useful properties of L;(-) and La(-).

4By convention, 00 is set to 1 throughout this paper.
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Lemma 2. For any ¢y > 2 and ca > 3, we have

Li(e/c1) < e1mu(€)/8, (37)
La(e/%/(car'/?)) < VBeav/12, ¥y > (e), (38)

where L1(-) and La(-) are defined in (BH), and 7, (-) is defined in ().
Proof. We first prove B1). By ¢; > 2, v € [0, 1], @), and (B5), one has

v —v
(&)= |izr.a H_g(c—1>7H*
c1 1+v 2e 2

where the first equality is follows from the definition of L;(-), the first inequality is due to v € [0,1] and a® < 1
for all a € [0, 1], and the second inequality is due to v € [0, 1] and ¢; > 2. Hence, (37) holds as desired.
We next prove (38). By ¢z > 3, v € [0,1], (@), and v > v,(¢), one has

1y 3 3(14v)
Loy e 177 Hy |57 e ate 3aen @ o [w()]7FF7 _ Voe s
24+ v 3e3/? 1+v -V 3 3 4 - 12 ’

t

< Sy c 8 2,

c1
2 8

where the first inequality follows from v € [0,1], co > 3, and a® < 1 for all a € [0, 1], and the last inequality is
due to v € [0,1] and v > v, (¢). Dividing both sides of this inequality by v ~1/[C+")] and using the definition
of Ly(+), we obtain that

-

—v 3

3/2 P v
Ly e3/ _ 1—-v o |F H, 17+ 72(1211;) - \/662’7'
oyl 2+v 3e3/2 1+v - 12
Hence, ([B8)) holds as desired. O

7.1 Proof of the main results in Section

In this subsection, we first establish several technical lemmas and then use them to prove Theorems [I] and
The following lemma provides some useful properties of the output of Algorithm [ whose proof is similar
to the ones of [28, Lemma 3] and [27, Lemma 7] and thus omitted here.

Lemma 3. Suppose that Assumption[d holds and the direction d* results from the output d of Algorithm [] with
a type specified in d_type at some iteration k of Algorithm [ Then the following statements hold.

i) If d_type=SOL, then d* satisfies
(i) If d-typ ,

Vv (e)elld*||? < (d¥)T + 2/, (e)el)d*, (39)
(d’“)TVf( M)=—(d ) ) +2¢/ v (e)el)dF, (40)
[(V2f (%) + 2/, (e)el)d* + Vf < SV (eelldr| /2. (41)

(ii) If d_type=NC, then d* satisfies (d*)TV f(z*) <0 and
(@) T2 f(@h)d" | d*))* = —[ld*]] < =/ (e)e. (42)

We now provide a proof of Theorem [l

Proof of Theorem [l We prove this theorem by induction. Let 2*, zF+1

by Algorithm [} and suppose that { f(z*)}o<¢<k is nonincreasing. We next prove f(z*+1) < f(2*). Suppose for
contradiction that f(z¥1) > f(2*). Denote p(a) = f(z* + ad®). These together with 25! = ¥ + ag.d* imply
o(ag) > ¢(0). Below, we show that ¢(ar) > ¢(0) leads to a contradiction by considering two separate cases.

be two consecutive iterates generated
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Case 1) d_type=SOL. In this case, we see from Lemma Bfi) that (33)-(&I) hold for d*. Also, observe from
Algorithm M that ||V f(2*)|| > €, which together with (@I implies that d* # 0. By this, 9), and [@0), one has

2(0) = VI d T (@M (V2 () + 2/ @eDd T —vAni@eld |2 < o.

Using these and the fact that ¢(ay) > ¢(0), we can observe that there exists a local minimizer o, € (0, ay) of
¢ such that ¢'(a,) = Vf(2F + a.d®)Td* = 0 and ¢(a) < (0), which implies that f(z* + a.d¥) < f(zF) <
f(2°). Hence, @) holds for z = 2* and y = 2% + a.d*. Using this, 0 < a, < ap < 1, 9), @0), and
Vf(z* + a.d®)Td* =0, we deduce that

R Ll > [V f (2" + oud®) = V f(2%) — . V2 f(2F)d"||
> (d)T(Vf(@" + aud®) = Vf(@*) — a.V2f(a")d") = —(d*)TV (") — a.(d)T V2 f(a*)d"
GD
T (1 - a) (@) (V2 F () + 2/ @eD)d + 200 @eld|? > (L4 a) VA @elld | > v(eld |

which together with d* # 0 and oy > . implies that otV H,||d*||V/(1 + v) > /7. (e)e. By this and the
definition of oy in (I2), one has

1+v kv 1tv v ¥
@ HVHd H — Hl’ min ||dk ||1/, [E/FYV(E)] 147U < Hl/ [f/ﬂ)/y(f)] 2 < HV €
by ey R AR ()

Y (e)e <

where the first equality follows from the definition of ay, the second inequality is due to min{a, b} < a1 b1
for all a,b > 0, and the last inequality is due to v € [0,1]. Rearranging the terms of this inequality, we obtain
that P

vo(e) < Hpt e 19w (43)

which contradicts the definition of 7, (¢) in ().
Case 2) d_type=NC. In this case, we observe from Lemma Bf(ii) that
V") d" <0, (d)TV2f(a")d/]d")* = < [ld°] < =V (e)e <O0. (44)

By this and the definition of ¢, one has ¢’(0) = Vf(z*)Td* < 0 and ¢"(0) = (d*)TV2f(2*)d* < 0. Using
these and the fact that p(ay) > ¢(0), we observe that there exists a local minimizer a, € (0, o) of ¢ such that
o(aw) < p(0), namely, f(z* + a.d*) < f(z¥). By the second-order optimality condition of ¢ at ., one has
¢"(a) = (d*)T f(2* + a.d®)d* > 0. Since f(zF + a.d¥) < f(2*) < f(2), it follows that (@] holds for z = z*
and y = 2* + a.d*. Using this, the second relation in @) and (d*)TV?f(2* + a..d*)d* > 0, we obtain that
Hyol[|d"|[** = || d*|[V2 f (2" + and®) = V2 f(®)]| = ()T (V2 f (2" + awd®) = V2 f("))d"
> (T2 ()t = | (45)

Recall from (@) that ||d*|| > v/ (€)e > 0. Using this, ax > a., [@3), and ap = 1/7,(¢), we deduce that
E) —
Hy[3(e)" = Hyaf > HyaZ > [[d*'™ > [ (e)e] ="
Rearranging the terms of this inequality, we obtain that

1—v

2
Y(e) < Hy™e 1o, (46)

which contradicts the definition of 7, (¢) in ().
Combining the above two cases, we conclude that f(z*+1) < f(z¥), and hence { f(2*)}rexk, is nonincreasing.
O

Our next lemma shows that when the search direction d* in Algorithm [lis of type ‘SOL’, the next iterate
2*+1 produces a sufficient decrease in f.
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Lemma 4. Suppose that Assumption[dl holds and the direction d* results from the output d of Algorithm [f] with
d_type=SOL at some iteration k of Algorithm[l Then x**' = z*¥ + ad* satisfies either ||V f(z*+1)]| <€ or
Fa®) = f@h) = €2/ (1447, ()'/?). (47)

Pmof. Since d_type=SOL, we see from Lemma (i) that (3J)-(@I) hold for d*. Recall from Theorem [ that
{f(@*) ek, is nonincreasing Thus, f(x + apd®) = f(x ’“"’1) < f(2). In view of this, we see that (B3] and
(4) hold for y = 2% + apd* and z = z*. By @), 2*** = 2* + apd®, ax € (0,1], B9), and @0), one has that
for any § > 0,

ety gk B INT b L QT2 pg ok gk L 31 gk (|3
f(@™) f(:c)gaka(:v)d+2(d)Vf(:v)d +3L2(5)0%||d” +4

@ —a(d)T(V )+ 2/, (e)el)d* + dk)Tv2f(xk)dk + %Lg(é)aznd’w\?’ +6
1
= —ay (1 - 7) (d)T(V? f (") + 2/ (e)el)d —akwu(e)elld’“ll“r§L2(5)ailld’“|\3+5
30 1
< —ap/ (el d|® + 5L2<6)ailld’“ll3+6- (48)

Notice that if |V f(z*+1)|| < ¢, the conclusion of this lemma holds. Hence, it suffices to consider the case where
|V f(2F+1)|| > e. We next show that @T]) holds in this case by considering two separate below.
Case 1) o, = 1. Tt follows from the definition of ay, in ([Z) that /€/v,(e) > 4[/d*||. In addition, notice from
@7 with ¢; = 2 that Li1(€/2) < v, (€)/4. In view these, |V f(zF1)| > ¢, (B3), and @), we have
e <[V I = IVf (=" +d)]

< IVF* +dY) — VF) = V2 + (V) + 2/ (GeD)d + VI )| + 20/ el |
B3) ED € €
R NG ||d’€|<(L1 /2) /= “4\/ >>||d’€||+

C+4
< (3 +557) VAl + § < vl + 5,

where the fourth inequality is due to 4||d*| < \/e/7.(€), the fifth inequality is follows from L;(e/2) < 7, (€)/4,
and the last inequality is due to ¢ € (0,1). It then follows that 6||d*|| > +/¢/v.(e). Notice from ([B8) with
co = 144 and v = v, (e) that Lo(e¢*/2/(1447,(€)'/?)) < V67, (¢). Using these, \/€/7.,(¢) > 4||d*||, cau. = 1, and
E8), we further deduce that

1447
£ = 14 T @l + 2 D i+ e

3/2

1= Y0} e + _er ——V“Hdku“‘ <
144+, ()1/2 - 144’71,(6)1/2 - 144%,(6)1/27

where the second inequality is due to Lo(e*/2/(1447,(¢)'/?)) < V67, (¢), and the last inequality follows from
6]|d*|| > \/€/7.(¢). Hence, [@T) holds as desired.

Case 2) oy, < 1. Tt follows from the definition of ay, in (I2)) that 4[|d*| > \/€/7,(€). Recall from BF) with
co = 64 and v = v, (¢) that Lo(€¥/2/(64,(€)'/?)) < 2v/67,(¢)/3. By these, the definition of oy, in (), and
(8], we deduce that

™ 2/ (6(0)12) 2
B p (k) _ g v 3| 7k 13
F@) - ) 'S —any/ el | + ; oI+ o
O s IO ) (e N s @
N 2 24 L (€) 64, (e)1/2
3/2 3/4 1/4 3/2 3/2

< (5= L8 g pquapaypre ¢ S o I e, € O

2 36 647, (€)1/2 4 647, (€) /2 = 647, (c) /2
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where the first equality is due to the definition of ay, the second inequality is due to Ly(e3/2/(64,(e)'/?)) <
2v/67,(€)/3, and the last inequality follows from 4||d*|| > \/€/v,(¢). Hence, @) holds as desired. O

The following lemma shows that when the search direction d* in Algorithm[dis of type ‘NC’, the next iterate
2F+1 produces a sufficient decrease in f.

Lemma 5. Suppose that Assumption[d holds and the direction d* results from the output d of Algorithm [] with
d_type=NC' at some iteration k of Algorithm[@. Then x*t! = zF + oy d* satisfies

F@®) = f(a") > €2/ (127, ()'/?). (49)
Proof. Since d_type=NC, we see from Lemma Blii) that
Vi@ d" <o, (d)V2f(a")d/1d)? = —[1d¥] < =V (e)e (50)

Recall from Theorem [l that {f(2*)}rex, is nonincreasing. Thus, f(z* + ad®) = f(z*+1) < f(2*). Using this,
we see that ([34) holds for y = 2% + aj.d* and z = 2. Also, notice from ([B8) with cz = 12 and v = 7,(¢) that
L (€32 /(127,(e)'/?)) < v/27,,(€) /2. Combining these with (B0) and ap = 1/7,(¢), we deduce that

(s21) o Ly (€2 / (127, ()/?)) e’/
P = Fk) S oV )T 4 G ()T )+ ; QN+ 5
B of Ly(e32 /(129 (€)'/?)) 42
< _ % k113 2 v 39k 113
< 5 la¥|° + 3 aglld®]]” + 12, (€)1/2
3/2 1/2 3/2
a4 2O s, €
27y (€)? 37w(€)? 127, (e)!/2

1 2 1 3/2 1 3/2 3/2
S(1ov2 Sl ? + < —— s 4P + = <~
2 6 | v.(e) 127, (e)1/2 67, (€) 127, (€)1/2 127, (€)1/2

where the first equality is due to ap = 1/v,(¢), the third inequality follows from Lo(e*/?/(12v,(e)'/?)) <
V27,(€)/2, and the last inequality follows from ||d*|| > /7, (¢)e. Hence, @) holds as desired. O

We are now ready to prove Theorem

Proof of Theorem [2. Recall from Theorem [ that f is nonincreasing along the iterates {2*} ek, generated by
Algorithm [[, which immediately implies that ¥ € {2z : f(z) < f(2°)} for all k € K;. Using this and {@), we
have that ||V2f(2*)|| < Uy for all k € K;.

(i) Suppose for contradiction that the total number of iterations of Algorithm [ is more than K;. Observe
from Algorithm [l and Lemmas [ and [l that each iteration except the last one results in a reduction on the
function value of f at least by €3/2/(144,(¢)*/?). Hence,

K06 [ (144, (0)%) < 37 [F(ah) — F@F)] < F@) ~ fow:

keKy
where K; is given in Theorem [Il This leads to a contradiction with the definition of K in ([I3]).
(ii) By Theorem [ with (H,¢) = (V2f(2*),1/7.(€)e) and the fact that || V2f(2*)| < Up, we can observe
that the number of gradient evaluations and Hessian-vector products of f required by each call of Algorithm @l

in Algorithm [ is at most O(min{n, [y, (¢)e]~*/4}). Also, notice that each iteration of Algorithm [ requires one
call of Algorithm @l Combining these with statement (i), we see that statement (ii) holds. O

7.2 Proof of the main results in Section {]

In this subsection, we provide a proof of Theorems [3] and [4]
The following lemma gives some useful properties of the output of Algorithm Ml which is identical to Lemma[3]
with (2%, d"*, 7, (€)) replaced by (&, d", 7).

15



Lemma 6. Suppose that Assumptiond holds and the direction d* results from the output d of Algorithm [4] with
a type specified in d_type at some iteration of Algorithm[2. Then the following statements hold.

(i) If d_type=SOL, then d* satisfies

VIR < (@) (7 4(@) + 2D (51)
@)V F(@) = ~(@)7 (V2 (@) + 2VTeD)d" (52
[(V24(3) + 2D + VH@) < Vel d/2 (53)

(ii) If d_type=NC, then d* satisfies Vf(2)Td" <0 and
@)V f@)d /| d* = =] < = Fee. (54)

We now provide a proof of Theorem [3

Proof of Theorem[3 Notice that if Algorithm ] breaks the inner loop at ¢t = 0, the conclusion of this theorem
clearly holds. We now suppose for the rest of the proof that Algorithm 21 does not break its inner loop at t = 0.
Claim that for all ¢ > 0 that Algorithm 2ldoes not break its inner loop, it holds that 4: < 7, (¢). Indeed, suppose
that Algorithm 2 does not break its inner loop for some ¢ > 0, and that dt along with d_type is generated from
the output of Algorithm [l Recall from Lemma [G] that if d_type=SOL, then (EI)-(G3) hold for dt, and we see
from |Vf(z¥)|| > €, # = 2¥, and (B3) that d* # 0. If d_type=NC, we see from Lemma [B{ii) that d* # 0, and
moreover,

VI@Td <0, (@)@ /AP = ~lld] £ =V (55)
We next show that 44 < 7, (¢) holds by considering five separate cases below.

Case 1) d_type=SOL and f(& + a:d") > f(#). Since d_type=SOL, we see that (5I)-(G3) hold for d*. Using
similar arguments as for [@3) with (z*, d*, v, (¢)) replaced by (&, d",4,), we have that 4, < HY ) e=(1=0)/(14v)
Combining this with the definition of v, (e) in (@), we obtain that 3 < v, (e).

Case 2) d_type=SOL, f(& + dayd") < f(&), and & = 1. It follows from d_type=SOL that (5I)-(E3) hold
for d'. Using a; = 1 and the definition of & in (7)), we have 4||d"|| < \/€/3;. In addition, it follows from
f(Z + @d) < f(&) and &, = 1 that [@3) holds for y = Z + d* and z = Z. Since Algorithm 2 does not break its
inner loop with &; = 1 and d*, we see that ||V f(& + d')|| > €. In view of these and (53), we see that

e<|Vf(@+d)| < ||VF@E+d)—VfE) - V2f(@)d
+ (V2 f(@ +2WTI dt+Vf )| + 2y/Feelld’|

BIED q(e/4) - € — -
< THdtH2 t7 T\/ Teelld'|
- L1(€{4)€ £y (C+4)e - L1(€{4)€ N E,
S T35, 1 8 " 325, B

where the fourth inequality is due to 4||d*|| < \/€/7, and the last inequality follows from ¢ € (0,1). Rearranging
the terms of this inequality and using (B7) with ¢; = 4, we derive that

Yt < Li(e/4) /4 < () /8 < wle),

where the second inequality is due to (B7]).

Case 3) d_type=SOL, f(& 4+ &yd') < f(Z), and & < 1. Since d_type=SOL, we see that (5I)-({3) hold
for d'. Using &, < 1 and the definition of & in (IT), we have 4Hdt|\ > /e/4. In addition, it follows from
f(Z + a,d") < f(&) that @) holds for y = # 4+ & d' and & = Z. By the same arguments as for [{@8) with
(%1 2% oy, d¥, v, (€)) replaced by (& + aydt, &, dy, d",7,), we can see that for any § > 0,

£+ o) — (@) < ~ae/Feeld|? + 2D a1 15 (56)
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Since Algorithm 2] does not break its inner loop with d* and d;, we see that d' and & violate [@). In view of
this, &; < 1, and the definition of & in ([T, 4||d*|| > \/€/3t, and (G8) with § = 63/2/(64%1/2), we see that

e3/451/4) gt13/2 /% i |1 dt]]2 (]53[) I 64~1/2 I 3/2
Vt ” ” _ Tt t” ” < f(ar—l—atdt +04t\/'YT||dt||2 2( /( ))OtngtHg—l— —
4 2 3 647,/
~1/2 3/4
_ La(¢?/(64%,%)) (_) e s <
24 5 64~1/2
~1/2 3/4 1 4
L2(€3/2/(64%/ ) (i) / ||Jt||3/2_|_ 3/43 / HdtH3/2
— 24 ~ 3

where the first and second equalities are due to the definition of &; in (I7) and &; < 1, the first inequality is
due to the violation of ([J), and the last inequality follows from 4||d*|| > \/€/7:. Rearranging the terms of this
inequality and using the fact that ||d‘|| # 0, we obtain that

Ly (%2 /(647,"%)) = 3% > 2V/65,/3.

In view of this and [B8]) with co = 64, we see that 4 < 7, (e).

Case 4) d_type=NC and f(& + a;d') > f(&). It follows from d_type=NC that (55) holds. Using similar
arguments as for ([@T) with (2¥,d*,~,(e)) replaced by (#,d!,7,), we obtain that 5, < H/("T)e=(1=v)/(14v),
Combining this with the definition of v, (e) in (@), we obtain that 3 < v, (e).

Case 5) d_type=NC and f(& 4 a,d") < f(Z). It follows from d_type=NC that (55) holds. In addition, since
Algorlthm does not break its inner loop with & and d!, we see that & and d' violate @8). By a = 1/,
f(Z + ad') < f(&), one sees that ([B) holds for y = & + oztdt and z = Z. In view of these, we have

A2l dt 113 ~ @ a2 - ~ /2 6~1/2 ~ 3/2

SR g adty - @) 2 av @+ @@+ 2O ) e S

Vi
G a2 - Lo(e32)(65,72)) 4. - €3/2
< 0P+ 2L ) at P+ s
2 3 63,2

Lo(¥/2)(6%,"%) | 1ps €2 U La(e¥2/(6%.7%)) 5
- 2~2Hdt|\‘°’ g I+ < g+ =
Vi 67, Vi i

where the first inequality is due the the violation of (), the first equality is due to & = 1/4:, and the last
inequality follows from ||d!|| > /A€ (see ). In view of this inequality and the fact that d’ # 0, we see that

Lo(e¥2/(67,%)) > F¢/2.

In view of this and (B8]) with co = 6, we see that 5, < 7, (e).

Combining the above five cases, we obtain that 4; <+, (€) holds if Algorithm [2 does not break its inner loop
with & and d'. By this and 4, = '3 > 0'~_1, we see that the number of calls of Algorithm Hl at iteration k of
Algorithm ] is bounded above by T'. Suppose that v, = 7, for some 1 < T}, < T. We see that Algorithm
does not break its inner loop at ¢ = T, — 1, which implies 75 = 07, —1 < 67, (¢). Hence, the conclusion of this
theorem holds as desired. O

The next lemma shows that when the search direction d* in Algorithm @is of type ‘SOL’, the next iterate
2F+1 produces a sufficient decrease in f.

Lemma 7. Suppose that Assumption[d holds and the direction d* results from the output d of Algorithm [] with
d_type=SOL at some iteration k of Algorithm[@. Then x**1 = 2% 4+ apd® satisfies either |V f(z*+1)| < e or

Fab) = @by > /2 /(729,/7). (57)
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Proof. Since d_type=SOL, one can see from Algorithm 2] and Lemma Bli) that (5I)-(@3) hold with (,d", %)
replaced by (2%, d*,~;). Notice that if |V f(2**1)|| < ¢, the conclusion of this lemma holds. Hence, it suffices to
show that (57) holds if ||V f(x**1)|| > e. To this end, we suppose for the rest of the proof that ||V f(x*+1)|| > ¢,
and consider two separate cases below.

Case 1) ap = 1. By this, (d*, o, &) = (d', &y, 5:), and the definition of é; in (), one has 4|d*|| < \/e/yx.
Since ay = 1 and ||V f(z*t1)|| = ||V f(z* + d¥)|| > €, we observe from Algorithm [ that

Fa™h) < £a) = Vel d®]?/2, (58)
IVF(a® +d*) = Vf(a*) = V2 f(@®)d"|| < 2yulld”[|* + €/2. (59)

In view of these, (Z, czt,%) = (2, d* ), and (B3)), we see that

e <|[VF(@@" +d")| < |VF(a® +d*) = Vf(a") = V2 f(a®)d"|
(V2 f (") + 2ypel)d” + Vf ()] + 2/relld”|

& ED) e 4+¢ 5+ ¢ ¢
< 2yl d? + 5t T\/chlldkll < T\/chlldkll +3

where the last inequality follows from 4||d*|| < \/€/yx. It together with ¢ € (0, 1) follows that 6||d*|| > \/¢/7k,
which along with (58] implies that f(z*) — f(z**1) > 63/2/(72’7;/2). Hence, the inequality (B7) holds as desired.

Case 2) oy < 1. By this, (d*, o, &) = (d*, &y, 7:), and the definition of &, in (IT), one has 4||d¥| > \/e/7x.
Since ay < 1, we see from Algorithm [ that f(z*+1) < f(a*) — \/Areai|d*||?/2. In view of these, and the

definition of ay, in (), we see that

Fa®) = F@Y) > Aread||dt]|?/2 = ]| d¥||/8 > 2/ (327,/7),

where the first equality is due to the definition of ay, and the last inequality follows from 4[|d*|| > /e/%.
Hence, the inequality (&) holds as desired.
|

Our next lemma shows that when the search direction d* in Algorithm Blis of type ‘NC’, the next iterate
2F+1 produces a sufficient decrease in f.

Lemma 8. Suppose that Assumption[d holds and the direction d* results from the output d of Algorithm [] with
d_type=NC at some iteration k of Algorithm[@. Then ¥t = aF + apd* satisfies

F@h) = @) = 2/ (67%). (60)
Proof. Since d_type=NC, we see from Algorithm [2] and Lemma [6{ii) that
(@2 f@®)d /| d¥))? = [ d*]| < —vAne. (61)

In addition, notice from Algorithm 2] that f(z**1) < f(a*) — o2||d*||3/6. Using this, ||d*| > \/7xe (see (E)),
and ay = 1/, we obtain that

@) = f@ ) = aflldMP/6 = )P/ (697) = €2/ (67,"%),
where the last inequality is due to ||d*| > ,/qxe. Hence, ([60) holds as desired. O
We are now ready to prove Theorem [4]

Proof of Theorem[f] For notational convenience, we let {2*} ek, denote all the iterates generated by Algo-
rithm 2] where K is a set of consecutive nonnegative integers starting from 0. Notice that f is descent along
the iterates generated by Algorithm [ which implies that 2% € {z : f(x) < f(2°)} for all k € Ky. It then follows
from @) that |[V2f(z")|| < Up for all k € K.

(i) Suppose for contradiction that the total number of iterations of Algorithm 2lis more than Ks. Recall from
Theorem [B] that v, < 7, (¢) holds for all k € Ky. It then follows from Algorithm 2l and Lemmas [7] and [ that
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each iteration except the last one results in a reduction on the function value of f at least by ¢3/2/(727,(¢)*/?).
Hence,

Ko/ (127(02) £ 7 1F@) = )] < ) = Siow,

keKsg

which contradicts ([22). Therefore, the total number of iterations of Algorithm [2is at most Ks.

(ii) From statement (i), we see that Algorithm [ terminates at some iteration K satisfying K < Kj. It follows
from Algorithm 2l and Lemmas [l and [§ that the kth iteration with & < K of Algorithm [ results in a reduction
on the function value of f at least by 63/2/(72’71/2) Hence, Zk o 63/2/(7271/2) < Zg;;[f(gck) — f(a*h)] <
f(2°) = fiow, which then implies that Zk o 1/71/2 < 72(f(2°) — fiow)e3/2. Using this and the Cauchy-Schwarz
inequality, we deduce that

2

K—2 K—2
<Z 1/71/4> < (Z 1/#”) (K —1) <72(f(2°) = fiow)e **(K —1). (62)

k=0 k=0

On the other hand, notice that 4; > 49 = max{y_1,vk—1/0} for all 4; generated at iteration k of Algorithm[2
In view of this, |[V2f(2*)|| < Up, and Theorem [B] we can see that the number of gradient evaluations and
Hessian-vector products of f required by one call of Algorithm @l with (H,e,g) = (V2f(z*), (51€)Y/2, V f(2*))
at iteration k of Algorithm [2]is bounded above by

. Un Un . Un Uy
m”( W”)‘”(Wﬂ}ﬁmm{"( W”)‘”(W)“}'

where the inequality follows from 4; > max{y_1,7x—1/0} and the monotonicity of 1. Recall from Theorem B]
the number of calls of Algorithm [ at iteration k of Algorithm [2]is at most T'. Combining these, we obtain that
the total number of gradient evaluations and Hessian-vector products of f required by Algorithm [2]is bounded

by
K—1
K . Uy Uy
ZTm{( W+2>¢(W)”}
K-1
§Tm1n{’n£,kz_o [( W+2>¢<W) +1 }
. U U1/2 K-1 U
:Tmm{nﬁﬂﬂ ((7_15)1/2) (c/0)1/1 Z 1/4 [ (W) +1] K}

K—1
=0 (Tmin{nﬁ, e/ <Z 1/7,1/_41> —i—K}) = O(Tmin{nK, e 'K'? + K}), (63)

k=0

where the first inequality is due to min{ay, as} + min{by, b2} < min{a; + a2, b1 + ba} for all aq,as,b1,b2 € R,
the second equality follows from the definition of ¢ in Theorem [[ and the last equality is due to

K—1 K—2

5 5 @2

Sy = M T S U 12000 — fiow)e 32K - 1),
k=0 k=0

It then follows from (G3]) and K < K that the conclusion of the statement (ii) holds.

7.3 Proof of the main results in Section

In this subsection, we provide a proof of Theorems [Bl and
We first provide a proof of Theorem
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Proof of Theorem [l We prove this theorem by induction. Let 2*, 25" be two consecutive iterates generated
by Algorithm Bl and suppose that {f(z%)}o<¢<i is nonincreasing. We next prove f(z*+1) < f(2*). By similar
arguments as those used in Theorem [Il we see that f(z¥*1) < f(2*) when z**! is generated by a; and d*
resulting from the outputs of Algorithm Bl Thus, it remains to show that f(x**1') < f(2*) when z**! is
generated by aj, and d¥ resulting from the outputs of Algorithm Bl Suppose for contradiction that f(z*+1) =
f(z* + apd®) > f(2*) in this case. Let p(a) = f(z* + ad®). Then p(ay) > ¢(0). Since d* results from the
output v of Algorithm [l we see from Algorithm [3] that

Vf")Td" <0, (d)TV2f(a")d" /||d"|* = —||d"]| < —em/2 < 0. (64)

By this and the definition of ¢, we see that ¢'(0) = Vf(z*)Td* < 0 and ¢"(0) = (d*)TV?f(x*¥)d* < 0. Since
o(ak) > ¢(0), it then follows that there exists a local minimizer o, € (0, ay) of ¢ such that ¢(a.) < ¢(0). By
the second order optimality condition of ¢ at .., we have ¢ (a,) = (d*)T V2 f(2* +a.d¥)d* > 0. In addition, by
(%) < f(29) and p(a.) < p(0), one has f(zF +a.d*) < f(z°). Hence, (@) holds for z = z* and y = 2* + a..d*.
By these, we obtain that

Hyol[|d*|**" > (|d°2| V2 f (2" + awd®) = V2 f(2")]| 2 (a°)T (V2 f (2" + axd®) — V2 f(2"))d"
> — (d)TV2f(ah)d" = [ld¥].
Recall from (64) that ||d*|| > em/2. It then follows from the above inequality, d¥ # 0 and ay > a. that

ap > oy > H;l/y(eH/Q)(l_”)/”, which contradicts the definition of ay, in (20). O

The following lemma shows that when the search direction d* in Algorithm[Bis a negative curvature direction
returns from Algorithm [ the next iterate z*+! produces a sufficient reduction in f.

Lemma 9. Suppose that Assumption [0 holds with v € (0,1] and the direction d* results from the output v of
Algorithm [ at some iteration k of Algorithm[@. Then ¢! = 2% + ay.dF satisfies

f(xk) _ f($k+1) > (eH/Q)(2+u)/u

A(2H, 277 (©)

Proof. Since d* results from the output v of Algorithm Bl we see from Algorithm [l that (G4]). Notice from
Theorem [ that f(z* + apd®) < f(2*) < f(2°). Hence, (@) holds for x = z* and y = 2* + axd*. By this and
(©4), one has
Hyo} |+

1+v)2+v)
@) H,

a2 o2 a2 seg\1-v
< — %k gk3 24| gk 24y — _ Yk k3 _k(_) dk 12+
e e o S W

(GH/2)(2+U)/V
A(2H,)2/v

k+1y @ kNT 7k Of_isz kY 7k
P = @) £ @t + STV )+

2
o
< — ZE|dk|IP < —
< - By <
where the third inequality is due to ||d¥|| > ey /2, and the last inequality follows from ||d*|| > g /2 and the
definition of ay in ([28]). Hence, the inequality (63]) holds as desired. O

We are now ready to provide a proof of Theorem

Proof of Theorem [@. Recall from Theorem [ that f is nonincreasing along the iterates {2*} ek, generated by
Algorithm Bl Thus, 2 € {z : f(z) < f(2°)}. Tt then follows from (@) that |[V2f(z*)|| < Uy for all k € K3. In
addition, observe that Algorithm [B] proceeds in the same manner as Algorithm [l when ||V f(2%)|| > ¢, at some
iteration k. Therefore, at such iteration k, we have that Lemmas [ and [l hold with e replaced by ¢,.

(i) Suppose for contradiction that the total number of calls of Algorithm [§in Algorithm [is more than Ks.
Notice from Algorithm [3]and Lemma [ that each of these calls except the last one, returns a sufficiently negative
curvature direction, and each of them results in a reduction on f of at least (ez/2)T¥)/¥ /[4(2H,)?/¥]. Hence,

Koler /2) 377 J142H, )77 < 37 [f(@*) = F@*)] < £(@°) = fiows

keKs
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which contradicts the definition of K5 given in (28]). Hence, statement (i) holds.

(ii) Suppose for contradiction that the total number of calls of Algorithm [] in Algorithm Bl is more than
Ki. Observe that if Algorithm @ is called at some iteration k& and generates the next iterate x*+! satisfying
[V f(@*1H)|| < e, then Algorithm Bl must be called at the next iteration k + 1. In view of this and statement
(i), we see that the total number of such iterations k is at most K. Hence, the total number of iterations k of
Algorithm [J] at which Algorithm @ is called and generates the next iterate z**1 satisfying ||V f(2*T1)|| > ¢, is
at least K 1 — l~(2 + 1. Moreover, for each of such iterations k, we observe from Lemmas [ and [ with e replaced
by €, that f(z¥) — f(aF 1) > 62/2/[144%(69)]. It then follows that

(Ky = Kz + D)ey 2 /[1447(e0)] € Y [fa) = f@] < (@) = frow,
keKs

which contradicts the definition of K1 and Ko given in (27) and (28], respectively.

(iii) Notice that either Algorithm [ or Algorithm [l is called at each iteration of Algorithm Bl Tt follows
from this and statements (i) and (i) that the total number of iterations of Algorithm Blis at most K; + Ky. In
addition, one can also easily observe that the output z* of Algorithm Blsatisfies |V f(z*)|| < ¢, deterministically
and Apin (V2f(xk)) > —epy with probability at least 1 — § for some 0 < k < l~(1 + IN{Q, where the latter part is
due to Algorithm[ll Hence, statement (iii) holds as desired.

(iv) By Theorem [ with (H,e) = (V2f(z*), /7. (eg)€y) and the fact that ||V2f(2*)|| < Uy, we observe that
the number of gradient evaluations and Hessian-vector products of f required by each call of Algorithm (] with
input U = 0 is at most O(min{n, [y,(e,)e,] /4}). In addition, by Theorem B with (H,e) = (V2f(z*),en),
[V2f(z*)|| < Upn, and the fact that each iteration of the Lanczos method requires only one matrix-vector
product, one can observe that the number of Hessian-vector products of f required by each call of Algorithm
is also at most O(min{n, 6;11/2}). Based on these and statement (iii), we see that statement (iv) holds. O

8 Future work

There are several possible extensions of this work. First, it would be interesting to study the iteration and
operation complexity of second-order methods for nonconvex constrained optimization with Holder continuous
Hessian. Second, more numerical studies would be helpful to further improve the proposed Newton-CG methods
from a practical perspective. Lastly, the development of a parameter-free method that achieves the best-known
iteration and operation complexity bounds for finding an approximate SOSP of problem (Il) remains an open
question.
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Appendix

A A capped conjugate gradient method

In this part we present the capped CG method proposed in [28] Algorithm 1] for finding either an approximate
solution to the linear system () or a sufficiently negative curvature direction of the associated matrix H, which
has been briefly discussed in Section B Its details can be found in [28 Section 3.1].

The following theorem presents the iteration complexity of Algorithm [41

Theorem 7 (iteration complexity of Algorithm M. Consider applying Algorithm [J] with input U = 0 to
the linear system (@) with g # 0, € > 0, and H being an n X n symmetric matriz. Then the number of iterations
of Algorithm[]) is at most

min {n, | (VIHI/z+2) (1] /¢) | } = Omin{n, THI/)),

where ¥(t) = In(144(v/t + 2 + 1)2(t + 2)9/¢?).

Proof. From [28, Lemma 1], we know that the number of iterations of AlgorithmMlis bounded by min{n, J(U, ¢, ()},
where J(U, ¢, () is the smallest integer J such that VTT7/? < Z, with U, Z, T and 7 being the values returned by
AlgorithmMl In addition, it was shown in [28] Section 3.1] that J(U, ¢,¢) < [(v/& + 1/2)In (144(y/k + 1)%:5/¢?) ],
where x = U/e + 2 is an output by Algorithm @l Also, observe that /s < \/U/e + V2 < /U/e + 3/2. Com-
bining these, we obtain that J(U,¢,() < Km-&- 2) In (144 (VU/e+2+1)%(U/e + 2)6/@)]. Notice from
Algorithm [ that the output U < ||H||. Using these, we obtain that the conclusion holds as desired. O

B A randomized Lanczos based minimum eigenvalue oracle

In this part we present the randomized Lanczos method proposed in [28, Section 3.2], which can be used as
a minimum eigenvalue oracle for Algorithm As briefly discussed in Section [ this oracle outputs either a
sufficiently negative curvature direction of H or a certificate that H is nearly positive semidefinite with high
probability. More detailed motivation and explanation of it can be found in |28 Section 3.2].

The following theorem justifies that Algorithm [l is a suitable minimum eigenvalue oracle for Algorithm
Its proof is identical to that of [28, Lemma 2] and thus omitted.
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Algorithm 4 A capped conjugate gradient method

Inputs: symmetric matrix H € R™"*"™ vector g # 0, damping parameter € > 0, desired relative accuracy ¢ € (0, 1).
Optional input: scalar U > 0 (set to 0 if not provided).

Outputs: d_type, d.

Secondary outputs: final values of U, k, a T, and T

Set
_ 2 ~
H:=H + 2¢l, n::U+ 6, g‘;:i
£ 3K

Y0 0,70  g,p0 « —g,j < 0.
if (p°)" Hp® < e[|p°(|*> then
Set d + p® and terminate with d_type = NC;
else if ||Hp?|| > Ul|jp°| then
Set U «+ ||Hp°||/|Ip°|| and update n,a 7, T accordingly;
end if
while TRUE do
a; + (r))Tri /(p?)T Hp’; {Begin Standard CG Operations}
Yyt gyl + aypd;
it i +aijj;
Bre1  [IF3 2/ 1%
pItl — —pitl Bj+1p’; {End Standard CG Operations}
J=i+
if 17| > UJlp7|| then
Set U «+ ||Hp?||/||p?|| and update n,a 7, T accordingly;
end if
it ||Hy'| > Uly?| then
Set U « ||Hy?||/||y’ || and update k,C, T, T accordingly;
end if
if ||[Hr?|| > U|r7| then
Set U « ||HrJ||/||r7| and update &, ¢, 7, T accordingly;
end if
if (y/)" Hy’ < elly?|]* then
Set d < 37 and terminate with d_type = NC;
else if ||r7]| < {||r9) then
Set d < 37 and terminate with d_type = SOL;
else if (p/)THp? < ¢||p’||? then
Set d + p? and terminate with d_type = NC;
else if ||r7|| > VT13/2|0|| then
Compute aj, y7*1 as in the main loop above;
Find i € {0,...,j — 1} such that

T =y TH@ T — o) <elly? T — o)1

Set d < y7t! — 4% and terminate with d_type = NC;
end if
end while

Theorem 8 (iteration complexity of Algorithm [Bl). Consider Algorithm[d with tolerance € > 0, probability
parameter § € (0,1), and symmetric matriv H € R™*™ as its input. Then it either finds a sufficiently negative
curvature direction v satisfying v Hv < —e/2 and ||v|| = 1 or certifies that Amin(H) > —¢ holds with probability
at least 1 — 6 in at most N(g,0) iterations, where N(g,9) is defined in (66)).

Notice that ||H|| is required in Algorithm Bl In general, computing ||H || may not be cheap when n is large.
Nevertheless, ||H|| can be efficiently estimated via a randomization scheme with high confidence (e.g., see the
discussion in |28, Appendix B3]).

24



Algorithm 5 A randomized Lanczos based minimum eigenvalue oracle

Input: symmetric matrix H € R"*", tolerance ¢ > 0, and probability parameter § € (0, 1).

Output: a sufficiently negative curvature direction v satisfying v Hv < —¢/2 and |Jv|| = 1; or a certificate that Amin(H) >
—e with probability at least 1 — 4.

Apply the Lanczos method [20] to estimate Amin(H) starting with a random vector uniformly generated on the unit

sphere, and run it for at most
2
N(e,d) := min {n, 1+ ’VM %—‘ } (66)

iterations. If a unit vector v with v7 Hv < —¢/2 is found at some iteration, terminate immediately and return v.
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